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Abstract 

We get several identities of differential operators in determinantal 
form. These identities are non-commutative versions of the formula of 
Cauchy-Binet or Laplace expansions of determinants, and if we take prin- 
cipal symbols, they are reduced to such classical formulas. These identities 
are naturally arising from the generators of the rings of invariant differ- 
ential operators over symmetric spaces, and have strong resemblance to 
the classical Capelli identities. Thus we call those identities the Capelli 
identities for symmetric pairs. 



1 Introduction 

In this article we give several identities of differential operators associated to see- 
saw pairs of reductive Lie groups. These identities look similar to the classical 
Capelli identities ([HE]): 

det(Ei,j + {n-j)Sij) = det(a; ij ) det(9 ij ) = det(E- J + (j - 1)6^), 

n n 

where E hj = ^ x k,idk,j, E'^ = ^ x ],kdi,k, d itj = d/dx id . 

k=l k=l 

The Capelli identities give two different determinantal expressions of the same 
differential operator, which can be interpreted as the image of the centers of uni- 
versal enveloping algebras corresponding to a dual pair of reductive Lie groups 
(see [31|31[7]). In this setting, the original Capclli's identity corresponds to the 
dual pair GL n (C) x GL m (C), and recently, there appear many kinds of gen- 
eralizations in addition to the pioneering work of 0]. See, for example, the 
references [131 HU [H [H [3 HH [H HH |TB] . 

Our identities here also have a similar interpretation. In fact, they can 
be considered as different expressions of the same differential operator as the 
image of invariant differential operators on two symmetric spaces associated to 
a see-saw pair. Thus we call our identities the Capelli identities for symmetric 

keywords: Capelli identity, symmetric space, invariant differential operators, dual pair, 
Weil representation. 
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pairs. Note that our differential operators do not necessarily come from the 
center of the universal enveloping algebras, and yet they have a determinantal 
expressions. This is a remarkable difference of our identities from the classical 
Capclli identities. 

To explain our identities more precisely, we need some notation. Let So = 
sp 2 Ar(R) be a real symplectic Lie algebra, and let 0o,to,ttto and fyo be real 
reductive Lie subalgcbras of Sq. We assume that they form a see-saw pair: 



X "iJ where { (00, to) and (m , f)o) are symmetric pairs, 
' 1 go <-> f)o and mo «-> to are dual pairs in 5o- 



0o trio 

U 

to Ejo 



Here go fyo is called a dual pair if they are mutual commutants in the sym- 
plectic Lie algebra So, and (go, to) is called a symmetric pair if to is a fixed-point 
subalgebra of go under a non-trivial involution. 

Recall the symplectic Lie algebra So has the Weil representation uj (or also 
called the oscillator representation) acting on the polynomial ring C[V] over 
a Lagrangian vector space V (see (3j [8]). In fact, this is a representation of 
the two- fold double cover of the symplectic group Sp2N$&-), which is called a 
metaplectic group. But we only consider the infinitesimal version of this, realized 
as a Harish-Chandra module. Thus the complexifications of Lie algebras in see- 
saw pairs act on C[V] through the (differential of) the Weil representation u. 

We denote the complcxification of go by g etc., and let VT>(V) be the ring 
of differential operators with polynomial coefficients on a vector space V. Then 
we have the following picture: 

U(Q)^VV(V)^U(m). 

Let K and H be the complex Lie groups corresponding to 6 and f) respectively. 
Thanks to the very definition of the dual pair (go, Flo), the image of U(g) is 
iJ-invariant. Similarly the image of U(m) is if-invariant. Thus we have the 
following picture by restricting to invariant subalgcbras: 

U(q) k -0U VV{V) KxH *2- U{m) H . (1) 

Due to the result of Howe [5] , both U(q) k and U(m) H are mapped onto 
VV{V) KxH . In particular, we have uj{U{q) k ) = uj(U(m) H ). 

In our previous paper [10] we studied the case where (go, to) is a Hermitian 
symmetric pair, and mo is a compact Lie algebra. Let go = to ffi po be a Cartan 
decomposition of go. The algebra of ^-invariants S(p) K of the symmetric al- 
gebra S(p) is finitely generated. We take if-invariant elements Xd € U(g) K 
(d = 1,2,...) whose principal symbols are the generators of S(\)) K . Then 
ui(Xd) is in VD(V) KxH , and there exists an inverse image in U(m) H thanks to 
lu(U(q) k ) = uj(U(m) H ). In [TU], we determined an inverse image Cd G U(m) H 
satisfying 

cu(Xd) = Lo(Cd) (X d € U( 3 ) K , C d G U(m) H ). (2) 
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We call this formula a Capelli identity for a symmetric pair, and Xd and Cd 
Capelli elements. 

In this article, we flip the role of symmetric pairs (go,fio) an d (trio, f)o)j and 
establish the similar identities. 

Namely, let (mo,f)o) be a Hcrmitian symmetric pair, and assume go to be 
compact. Let go = 6o©Po be the (±l)-eigenspace decomposition with respect to 
the involution. We then take iT-invariant elements Xd £ U{q) k whose principal 
symbols are generators of S{p) K , and try to find i7-invariant elements Cd & 
U(m) H satisfying @. There are three see-saw pairs which fit into our setting: 

see-saw pairs with mo Hcrmitian type, go compact 





s 


So 


e 


m 


t)o 


Case K 


Sp2mn(X) 


U m 


m (R) 


SP 2 »(R 


u„ 


Case C 


S p2m(p+q) 


) u m ffi u m 






Up © u g 


Case H 


S p4mn W 


U2m 


usp m 


°2n 


u„ 



(3) 



We get the Capelli identities for symmetric pairs in a complete form only for 
Case C in the table above. For Cases R and H, we only have explicit expressions 
of uj(X d ) e VV(V), and do not get C d <E U{m) H up to now. 

In Section [2] we prove the Capelli identities for Case C, and in Sections [3] 
and S] we give the equations up to W(V) for Cases K and H, respectively. In 
addition, we show a formula for coefficients appearing in the Capelli identities 
in Appendix lAl 

2 Case C 

Here we establish two kinds of the Capelli identities for symmetric pairs for 
Case C in Table ((3]). The first identity in Subsection 12 .21 has a simple expression 
as differential operators in VD(V), but their inverse images (Capelli elements) 
Xd £ U(g) K are more complicated than the second one in Subsection 12.31 The 
second identity has a simple Capelli clement Xd £ U(g) K , for which it is easy 
to see the relation to generators of S(p) K . These two types of the Capelli 
identities become equal when taking principal symbols. Therefore they should 
be translated to each other by C-linear combinations. 

2.1 Formulas for the Weil representation 

In this subsection, we give explicit formulas for the Weil representation. Let us 
recall our see-saw pair: 

go = u m © u m u Pi g = m 

U X U 

to = U m UpffiU g = f) 

Here f)o = u p © u q is diagonally embedded into the Lie algebra mo = u P:q of the 
indefinite unitary group (note that fjo is the Lie algebra of a maximal compact 
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subgroup of U(p, q)); and go decomposes into Bo and po as follows: 

0o = «o®Po, to = {(A,-*A) Gflo}, po = {(A t A) e 0O }. 
The real Lie algebra mo is embedded into sp 2 m( P +q) W as follows. 



™0 = Up,, Sp2m(p+g)( R ) 

A ffi™ (-BI p>g )® m \ (A, Be Mat(p + g; R)), 

S.Ip,qB)® m {I p ^ q AI p ^ q )® m 



A + V-LB 



where J p g and A® m is defined by 



Ip.q I n i I : A^ lm * ^4 



A 


" 


... o 





,1 
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o' A 



(m copies of A on the diagonal). The real Lie algebra go is embedded into 

Sp2m(p+g)( K ) as foUoWS. 

go = u™ ® u m 9 (A + V^LB, A' + V^LB') i — ► 

^4 * 7 P ,5- + A' * 7p ig -B * Ip.q - B' * Ip. q \ . . 

where A, B, A , B' are real matrices; and I p , q , I p , q are defined by 

'1- o\ _ /o p 

J' p ~' 9 ~lo 1, 



Jp,?= ( P o ) > ki= I P 1" ) G Mat(p + g;] 



The notation A* X means the Kronecker product 

(aiiX a\2X ■ ■ ■ a\ m X 
d2lX d<2.lX ■ ■ ■ d2mX 
a m \X a rn2 X ■ ■ ■ a mm X / 

Let V = Mat(m,p; C) © Mat(m, q; C), and denote the Weil representation of 
5 P2m(p+q) (Q 011 the polynomial ring C[V] by uj. Through the embeddings into 
Sp2 m (p +q ) (C) , the complexified Lie algebras g and m act on C[^]. We denote 
these representations also by lo. Let x Sf i (1 < s < m, 1 < i < p) and y Si i 
(1 < s < m, 1 < i < g) be the natural linear coordinate system of V, and define 
the following matrices. 

X = (x Sti )i< s < m , d x = (d/dx s ,i)i<,<m £M&t(m,p;VV(V)), 

1< s < m ; 
l<i<g 

J P=(X,9 y ), Q = (9 x ,y) eMat(m,p + g;PP(V)). 
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The actions of basis elements of g = gl m (C) ® gt m (C) is given by 

uj((E s , t , 0)) = £ a? 8ji ^ + f £ M , w((0, 25 s ,,)) = £ y M d£ + §<5 S> , 

(1 < s,t < m), where E st £ gl m (C) denotes the matrix unit with 1 at the (s, t)- 
entry, and 5 s ,t denotes Kronecker's delta. For this, see (4.5) of [T2] for example. 
Note that x s ^ in this article corresponds to X( p+9 )( s _i) + i in |12j . and y s ^ in this 
article corresponds to a;( p+9 )( s _i) +p+ j in 12J. The action of m = gl p+9 (C) is 
given by 

where 25ij's should be interpreted in the suitable sizes (namelypxp, gxq, pxg or 
qxp). Note that we used the normalization .t^ i— > \[2x s _i and j/ S i i— > —\J—2y s _i 
comparing to (4.5) of [T2] . 

It is convenient to express the formulas of the Weil representation in a matrix 
form. We define matrices by arranging basis elements of g = gt TO (C) ® gt m (C) 
or m = gl p + 9 (C). Set 

E x = ((E^O))^^, E Y = ((0,25.,,)) 1 < flt < m , (4) 
B' = (25,, )l ^ P+9! B=(^ _^JB'(^ ^J, (5) 
(E X ,E Y e Mat(m;Z7(fl)), B',B e Mat(p + q; U(m))). 
Then we can write the formulas above in a matrix form: 

u(E x )=X t d x + ^l m , u( t E Y ) = d Yt Y-±l m , (6) 

W (E* + *E Y )=P'Q + ^l mi (7) 

w(B) = <PQ + |2 p>g . (8) 

For example, o^E^) is by definition the to x to matrix whose (s,i)-entry is 
w(E'J t ), and it is equal to the (s, i)-entry of the to x to matrix X l d x + (p/2)l m . 

Let I™ = {5 C {1, 2, . . . , to}; #S* = d}, and As^t denotes the submatrix of 
an to x m matrix A with its rows and columns chosen from S,T c X™ . It is not 
so difficult to sec that 

Eseij. dct(E x + *E y ) s , s G S(p) K (d = 1, 2, . . . ,m) 

is a generating set of S(p) K , where E x and ~E Y are considered as matrices with 
entries 25 Si , in S*(g). 



5 



2.2 Capelli identity for Case C (1) 

Here we give the first form of the Capelli identities for Case C. We prove the 
identities in Subsection l2.41 This form of the identities has a simple expression as 
differential operators, but their inverse images (Capelli elements) G U(g) K 
are more complicated than the second one given in Subsection 12.31 
Let us recall the picture of the Capelli identities for Case C: 

U{g) K — ^ VV(V) KxH U(m) H 

II II (9) 

U(Ql m (C) © Qt m (C)) GL ^ Uislp+q{C)) GL p (C)xGL q (C) 

We first give the formula which corresponds to U(g) K — ► VD(V) KxH in Propo- 
sition O We often write the elements of S G If by 5(1), 5(2), 5(d) 
or Si, S2, ■ ■ ■ , Sd in increasing order. For two disjoint index sets S' G 1™ and 
S" G let l(S',S") denotes the inversion number of the concatenated 

sequence (5', S"). 

Definition 2.1. We define the column- determinant with diagonal parameters 
u = {ui,u 2 , ...,ui) by 

det(4s/ iT ';u) = X^ eSi s S^( a )( A S'(^i)),T'W + w i^S'(t(i)),t'(i)) • ■ • 

' ' ' (As>(<T(d)),T>(d) + u d$S>(<j(d)),T>(d)) 



det(As',T' + ls',T' 



'Ml 

u 2 








for an m x m matrix A and S',T' G If- Here ls',T> denotes the (5',T")- 
submatrix of the identity matrix. 

Proposition 2.1. For S,T G I™, the invariant differential operator 
^2 JeX p+ii dct Ps,j dct Qt.j G VT>(V) can be expressed as an image ofU(o) = 
U(gl m (C) ffi gl m (C)) under the Weil representation cu as follows. 

d 

= E E (-l) !(S '' S " )+i(T '' T " , dct( W (E x ) s , T ,;a) dct(c(*E y ) s »,T" ; /3), 

'=0 S',T' 
S",T" 

where the second summation is taken over 5', T" G 2J™, 5", T" G suc/i £/ia£ 
5' II S" = S and T' II T" = T ; and a and (3 denote 

ol [l 1 2 77), 

/?=(-(d-Z-l) + f,-(d-Z-2) + §,. ..,§). 

The proof is given in § 12.4.11 
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Remark 2.1. In general, for n x n matrices A, B with commutative entries, 
we have 

n 

det{A + B)=J2 E (-l) !(S ' s " )+i(T ' T " ) detA s , iT ,detB s » T », 

1=0 S',T',S",T" 

where the second summation is taken over S',T' € If 1 , S" ,T" £ 2^1; such 
that S' II S" = T' II T" = {1, . . .,n}. Hence the right-hand side of Proposi- 
tion \2.1\ is equal to &et(<ju(Ei X + f E ))s,t> when taking the principal symbols 
in the symmetric algebra S(q). Therefore Provosition \2. 1\ can be regarded as a 
non- commutative version of 

v+q det A s j det B T j = det(A t B) s ,T (Cauchy-Binet). 

We next give the formula which corresponds to VD(V) KxH <— U(m) H . To 
state it, we need a variant of the symmetrized determinant. 

Definition 2.2. For an n x n matrix A, we define 

DCt ^ = h. reS Sgn ( CT ) S g n ( T )Ax(l),r(l) At(2),t(2) ' ' ' Ar(™),r(n), 

which is called the symmetrized determinant. Also we define the symmetrized 
determinant with diagonal parameters u = {u\, U2, ■ • ■ , U n ) by 

Det(A;u) = — V" ^ sgn(cr) sgn(r)(A ff ( 1 ) iT (i) + mS^) T ( X )) • • • 

' ' ' (^.o-(n),T(n) + u n^a(n),T{n))- 

Next, we define a minor of the symmetrized determinant with uneven diagonal 
shift. Let p, q be non-negative integers and n = p + q. For an n x n matrix B, 
I, J £ and diagonal parameters u = (ui, u%, . . . , Ud), we define 

T)et p>q {B ItJ ;u) = 4 sgn(cr) sgn(r)(B j<j(1) , jr(1) - Jt(1) ) • ■ ■ 



(^<r(d),ix(d) U d £ i a (d) ,j T (d))' 



where I = {ii,i2, ■ ■ ■ ,id\, J — {ji-, 32, ■ ■ ■ , jd} and Eij is a variant of Kro- 
necker's delta defined by 



-lp 

1, 



Proposition 2.2. for I, J £ I"2 and n = p + q, i/ie differential operator 
Esei m det Pgj det € PP(V) can 6e expressed as an image ofU(m) under 
the Weil representation lo as follows. 

Es e z™ detP Si /detg s ,j = Det M ((w(B) - -Ip^j^d- 1, d- 2, . . . , 0). 
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The proof of this proposition is given in § 12.4.21 

For d > 1, we define X d G U{q) k = U(gl m (C) g[ m (C)) GL ^ c ) by 

Xd= E E E (-l) !<S ' S " ,+i(r ' T " , det(Ef, T ,;a)dct((*E y ) s ,, T „;/?), 
sex™ ;=o s',s" 

where a = (/ - 1 - p/2, 1-2- p/2, -p/2), /3 = (-{d - I - 1) + q/2, -(d- 
l — 2) + q/2, . . . , q/2), and the third summation is taken over S' , T' G I™ and 
S"', T" G XJl, which satisfy S = S' II 5" = T' II T" . 

Similarly we define C d G U(m) H = U(gl p+q (C)) GL "^ xGL "^ by 

d — Ejexp+« Det Pi9 ((B — %I p , q ) Jt j]d — — 2, . . . ,0). 

Finally we combine Propositions 12 . II and 12.21 and obtain the Capelli identity 
for Case C. 

Theorem 2.1 (Capelli identity for Case C (1)). Under the above notation, we 
have the Capelli identity 

Lo{X d )= dot P SJ det Q s , j = to(C d ). 

We call X d and C d Capelli elements. 

Remark 2.2. As already noted in Remark \2.1[ we can prove that the principal 
symbol of X d is 

Eseij. det(E* + t E Y ) s ,s G S(p) K ~ 5(Mat(m; C)) Gi "( c ), 

and these invariant elements generate S(p) . Thus the left-hand side of the the- 
orem can be considered as the image under the Weil representation of invariant 
elements corresponding to the generators of S(p) K . These invariant differential 
operators are expressed by the elements ofU{m) H = U(Ql p+q ) GLp ^ xGLq ^ on 
the right-hand side. 

2.3 Capelli identity for Case C (2) 

Here we give the second form of the Capelli identities for Case C. This form of 
the identities has simpler Capelli elements and it is easy to see the relation to 
generators of S(p) K . Let us recall the picture ^ for Case C. We first give the 
formula which corresponds to U(g) K — > VD(V) KxH . 

Proposition 2.3. For d > 1, we define X d G U(g) by 

X d = Esex™ Det((E* + *E y - ^l m )s,s), 



where E x and ¥) Y are given in Equation Then its image under the Weil 

representation u) is given by 

d (m-iy 

u>(X d ) = g d ^ m _ d y_ E Je i?+* cj Esexj" det Ps ' J det Qs ' J - 
In the above formula, c d j is an integer defined by 

c5 = <, = E fce z(T)(/3-fc) d (-i) fc (io) 

a = #{i; 1< J(i)<p}, = P+±< J(*)<P + q}, (11) 
for a non-negative integer d and J e 2f +9 - Note that d = a + /3. 
The proof is given in § 12.51 

We next give the formula corresponding to r PT)(V) KxH <— U(m) H . 
Proposition 2.4. For d > 1, define Cd € C/(m) ff by 
d ( m _ ni 

where c d j is defined in Equation (|10|) and B € Mat(p + g; £/(m)) in Equation (|5j). 
TTien iis image under the Weil representation lo is given by 

w (^) = E d! ( m _ d)! E Jg2? +« 4 Esei r det dct Qs,j- 

Proof. The formula is a linear combination over the elements in Proposition ^. 21 

□ 

Thus we get the following theorem. 

Theorem 2.2 (Capelli identity for Case C (2)). For d > 1, we define Xd 6 
U{q) k = C/( [ m (C)® l m (C)) Gi ™( c ) andCd € U(m) H = U( 9 t p+q (C)) GL ^* GL ^ 
as in Provositions V2,.tA and \2.J\ respectively. Then we have 

w W = E d { H~-d\ E c " E dct Ps < J dct J = 

*=o ' v ; ' / G if+o sex™ 

2.4 Proof of the Capelli identity for Case C (1) 

Here we give the proof of Propositions 12.11 and 12.21 in § 12.21 
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2.4. 1 Proof of Proposition [2TT1 

Let e s and e* be the elements in standard basis of C m and its dual (C m )*, 
respectively. We consider the exterior algebra /\(C m © (C m )*) and the ring 
VD(V) of differential operators with polynomial coefficients on V. We define 
several elements in the algebra A(C m © (C m )*) © c VV(V): 

in m rn 

otj = E < -t'-j- Pi = E e tQsj (i < j < v + ?); r = E e s e «> 

s— 1 s— 1 8=1 

p m 

E x = £ a,-/?,- = E e s e t *(*-*d x )( M ), 
i=i «,t=l 

~y = E "ift = E e s e|(^*y) (Sit) . 

J= p+l s,t=l 

Here (X-*9x)( s ,t) denotes the (s,t)-entry of the matrix X^dx, and we omit 
A for the multiplication in the exterior algebra. For an index set J, we put 
a j = aj 1 ■ ■ ■ a>j d . We also define 0j, es or in the same way. Then aj and [3j 
are written in terms of column-determinants as follows: 

a J = Esex™ e s dct p s,J, Pj = Etei™ e T det Qt,j- (12) 

Recall the matrix e = — I PiQ e Mat(p + q; C). We have the following relations 
for the elements defined above. 

Lemma 2.1. (1) The element r is central in the algebra A(^- m © (C m )*) ©c 
VV(V). 

(2) We have the following commutation relations: 

Qnaj+ajai = 0, p i (3 j +P j p i = (1 < i, j < p + q), (13) 

[Ps,i,Qt,j)=ei,jSs,t (l<i,j <P + q, l<s,t<m), (14) 

oaPj + PjOi = EijT {l<i,j <p + q), (15) 

[S x ,E Y ]=0, (16) 

ctjZx = (E x + T) aj (1 < j < p), (17) 

ajE Y = (E Y - r)aj (p + 1 < j <p + q)- (18) 

Proof. (1) 2m elements e s (1 < s < m) and e* (1 < s < m) are anti- 
commutative, and r is a sum of e s e*, which is commutative with et and e\. 
Therefore r is central in A(C m © (C m )*) © c VV(V). 

(2)-Equation (|13p: The entries of P = (X,d Y ) commute with each other. 
Hence a% and ctj are anti-commutative. Similarly (3i and /3j are also anti- 
commutative. 

(2)-Equation (fM]) : [P s ,i, Qtj] is nonzero only if s = t and i = j. If 1 < i < p, 
then [P s ,i,Q s ,i] = [x s ,i,df :i \ = -1. l£p+l<i<p + q, then [P gji) Q S)i ] = 

[d Y A _ pl y S d- P ] = 1- Hence we have [P s j,Qt,j] = £%,j8 s ,t- 
(2)-Equation (fT5)) : We use Equation (jT^I) , and we get 

O^iPj ~\~ PjOLi — ^2ts t—l *" s ^t \ p> s,iiQt,j\ — ^— x ^s^t^-i,j^s,t — 
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(2)-Equation (|TB|) : By Equations (fT^|) and (fT5|) , and /3j in Sx = Ej=i a jft 
anti-commute with ctj and /3j in Ey = Ej=p+i a jfij- Hence Ex commutes with 

Ey. 

(2)-Equation (jT7j): For 1 < j < p, we have 

= - ELl a i(-Pi a j + £ i,j T ) = S ^ a 3 + a J T ) ( 19 ) 



where we used Equations ([13]) and (|T5|) . Equation (jT8|) is proved similarly to 
Equation ([T7]). □ 

We have the following relations of Ex and Ey with the symmetrized deter- 
minants. 

Lemma 2.2. For indeterminate z, set Ex(z) = Ex + zt and similarly Ey{z) = 
Ey + zt. Then, for the variables u = (ui, 112, ■ ■ ■ , Ud), we have 

E x ( Ul )E x (u 2 )---E x (u d ) =d!(-l)^ £ e s e* T -Dct((X t d x )s. T ;u), 
Sy(«i)Sy(u a )---Sy(u l ,)=d!(-l)^ E e<?4 Det((9 i ' t y) S) T; u). 

S,TGX™ 

Froo/. Let 5 = £™ =1 e s e t M s , t be S x = £™ =1 e s e t *(X*d x ) M or S y = £™ =1 e s e t *(d y 
Then we have 

m m m 

E(u) = 5 + itr = e s e*A Sft + m E e s e* = J2 e s e t *(,4 M + uS Sit ). 

s,t—l s — 1 s,t—l 

Hence we have 

E(ui) ■ E(u 2 ) ■ ■ - E(u d ) 

E ^s 1 et 1 ---e ad e^(A au t 1 +u6 Sutl )---(A Sdtid +uS Sdt t d ) 

l<si ,. . .,Sd<m 
l<ii ,. . ■ : t c i<.m 

x(A 

T(d)>*T(d) Ud ^ S <T(d),t T ( d ) ) 

= d!(-l)^(d-i)/2 ^ S)T6IS , ese ^ Det(A SiT ; m, u 2 , . . . , u d ). 

Proposition 2.5. For S,T £ X™ , we have 
E j e xp+« dct p s,J det 

= E E (-i) i(S ' s " )+ ' <T ' T " ) Dct((x t a Jf )s',T';?-i,^2,...,o) 

1=0 S',T' 

x Dct((cV 'r)s»T»; -(d- I - 1), ... , -1, 0). 

where the second summation is taken over S' ,T' £ 2J", S"', T" £ 2JLj suc/i £/ia£ 
5" n5" = 5 and X" II T" = T. 



□ 
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Proof. We show the equality by computing ^ j^jp+i OLjfij in two different ways. 
First, we observe 

E jei p d +q a jPj = E j£z v+ '> Es,tsz™ e s e r p s,j det Qt,j, 

thanks to Equation (fT2")l . The coefficient of esej in this expression is equal to 
the left-hand side of the desired formula. 

Second, we compute J2 Ji£X p+i uj/3j as follows: 



Ej G z;+" aj P J = E Ej e x? Eir e P +i« , ouotKpjflK 
d l=0 i d-i 

= E E J6lf Ejce^,, (-l^-'W/W/fc, (20) 



where p + = {{p + k\,p + k^, ■ ■ ■ ,p + fed-/}; ^ € ^d-i}' an d we use d the 
anti-commutativity of factors of aj( and /3j of /3j. We compute the factor 
Ejez p a jflj m Equation (|20)l as follows: 



1 p 



71 

Jlv.JJ-l=l 



E a ii a j2 ' ' ' a ji-i != 'XPj 1 Pj 2 • ■ ■ 



( E H^Z-l)-^/^, (21) 

i! J'e{i,2,...,p}'-i 



where we used Equation (jT7|) in order to move to the left. By repeating this 
operation, we have 

(ED = S X (J - 1) ■ 5* (I - 2) ■ • • 5x(0). 

Similarly, for r = d — I, we have 

f_-i-vr(r— 1)/2 

E "A = - — —, Sy(-r + l)H y (-r + 2)...Hy(0), 

where we used Equation (|18[) . Thus Expression (j2"0)) is computed as follows: 
m = E (-l) l{d - l) ■ [ — 1 J] E X (1 - 1) • E x (l - 2) • • • S X (0) 

(_l\(d-Q(<J-2-l)/2 

-Sy(-d +/+!)• Sy(-d + / + 2) • • • Hy (0) 



(d-i) 



f(_l)i(d-0 £ e s <,Det((X'd*) g , r ,;/;-l,...,0) 
i=o s'.T'ei™ 

x E e 5 "e^Det((9 yt y) 5 ".T»;-d + « + l,...,0), (22) 

S",T»ei?_, 
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where we used Lemma 12.21 Now we look at the coefficient of es^r m Equa- 
tion (22]). A summand of ([22]) has e s e* T only if S' II S" = S and V II T" = T. 
Even in that case, we have to translate es>ex ,e S" e T" t° ese^ in order to deter- 
mine the sign of the summand. First, (— l) d ( d ~') occurs by moving es" to the left 
of e?pi- Second, (_i) i ( s '. s ")+ i (r',T") occurs D y sorting es> es» ande^e^,, toes and 
e* T , respectively. Thus it turns out that the coefficient of ege^ in Equation (|22p 
is equal to the right-hand side of the desired formula of the proposition. □ 

Lemma 2.3. Let Ei j (1 <i,j< n) be the matrix units, andE = (i?,:.j)i<,:.j< n G 
Mat(n; [/(g[„(C))). Then the following relation between column- determinants 
and symmetrized determinants holds in [/(g[„(C)). 

dct(E/.,/; u — l,u — 2, . . . , u — d) = Dct(E/.j; u — l,u — 2, . . . , u — d) 
= Det((*E) jj; u - d, u - d + 1, . . . , u - 1) 
= det((*E)jj; u - d, u — d + 1, . . . , u — 1). 

Proof. The proof is by exterior calculus, and we omit it. □ 
Proof of Proposition flOl By Equation ([4]), we have 

X l d x ^(E*)-|l m , 3 Yt Y = W (*E Y ) + |l m , (23) 

and hence entries of X t d x and d Yt Y have the same commutation relations as 
those of E x and *E y , respectively. Therefore symmetrized determinants on 
the right-hand side of Proposition 12.51 can be changed to column-determinants 
thanks to Lemma 12.31 To the resulting formula, we again apply Equation (|23p . 
and we have proved Proposition ^. II □ 



2.4.2 Proof of Proposition I2T21 

Let fi and /* be the elements in the standard basis of C p+q and (C p+q )* re- 
spectively. As before, we define some special elements in the algebra /\ (C p+g 
(CP +q )*)®c VV(V). 

vs = hPs,u Cs = Etl tfQ*,i (i < * < m), 
a = Eijli hfn tp Qh,i) = Er=i VsC, * = Eti ^iSift- 

In this case, we obtain the row-determinants of P or Q when we make the 
products of 77s 's or £ s 's. But the entries of P or Q are commutative with each 
other, so in fact, there is no difference between row and column-determinants. 
Thus we have 

V Sl Vs 2 ■ ■ ■ Vs d = E fi dct p 3,i, CsiCss ■ ■ • Cs* = E // dct Qs,i- 
i e ip+i iei p d +q 

Lemma 2.4. (1) r]i, 772, . . . , Tj m are anti-commutative (i.e. n s r)t + r)tr) s = 0). 
(2) Ci j Ca )■■• 1 Cm cire anti-commutative. 
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(3) VsCt + CfHs = $s,t<J forl<s,t< m. 

(4) [A, Tjt] = i)ta forl<t<m. 

Proof. (1) The entries of P = (X, d Y ) commute with each other, and /, and fj 
are anti-commutative. Hence rj s and r\ t are anti-commutative. The statement 
(2) can be proved similarly. 

(3) By Equation 0, we get ri.Ct+CtV* = Ei,T=i fifftP'.U Qtj] = Eij 

(4) Note that Arj t = YJ7=i VsCsVt = E s Vs(-VtCs+S s ,to-) = rj t A+ij t a. Hence, 
[A, T) t ] = Titer. □ 

Lemma 2.5. Put B = l PQ and denote A(u) = A-ua. Then A = Y%jli fif 'j B ij 
We have the following relation between A and Dct Ptq . 

A(ui)A(u 2 ) • • • A(u d ) = d\{-l)^ 11 E f I f}Bet Ptq (B I: j;ui,U2,...,Ud)- 

i..Jei v d +q 

Proof. We can compute as follows. 
A(ui) ■ A(u 2 ) • ■ ■ A(u d ) 

p+q p+q 

~ E X/ filfj! ' ' ' fidfj d (^il-jl ~ u l e ti,j'i) ' ' ' ( B id,jd ~ U d^i d ,jd) 

ii,...,i <J =l ji,....j d = l 

= Ex, Je zr* S CT>T6 e d sgn(a) sgn^X-l)^- 1 )/ 2 ///} 
= dlt-l^-D/a Ei, Je z*+« ///} Det M (Bi, j; m, . . . , 

□ 

Proof of Provosition \2.SX For /, J g 1^ +q , we show that 

Esei- det P g)7 det Q s ,j = Det M ((*PQ) ZlJ ; d - 1, d - 2, . . . , 0). (24) 



Then Proposition 12.21 follows from Equation (J8J). To prove it, we compute 
Esez m VsCs m ^ w0 different ways. First, we compute as follows. 



Esez™ J ls(s - Esez™ E/„/ e zj +<! fifj dct P SJ 



dct( 



The coefficient of ///} is equal to the left-hand side of Equation 
Second we compute using Lemma I2T41 (4) as follows: 



Esez™ VsCs = E -r,V Sl ■ ■ ■ Vs d ■ Csi ■ ■ ■ (s d 



1 

^ i d< ' 

91,..., 8<J=1 

( _ 1)d -! 



^' si,...,s d _i = l 



E v*i ■ ■ ■ Vs d -i ■ A • Csi • • • C 8<I -i 



^' Sl,...,Sd_l = l 
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In this way we repeat producing A from rj s ^ s and moving it to the left, and we 
have 

(_ 1) d(d-l)/2 

Eser? isCs = A(d - l)A(d - 2) • ■ ■ A(0) 

= Eijei^ fifi Det P)9 ((*PQ) J , J ; d - 1, d - 2, . . . ,0), 

by using Lemma \2. 51 The coefficient of fjfj is equal to the right-hand side of 
Equation (|24[) . Thus we have proved Equation (f2~4"|) , and hence Proposition 12. 21 

□ 

2.5 Proof of the Capelli identity for Case C (2) 

Here we shall prove Proposition ^. 31 We have already given the proof of Propo- 
sition [2111 and Theorem 12.21 is a direct consequence of these propositions. We 
use the same setting as in § 12.41 Let e s and e* be the elements in the stan- 
dard basis of C m and (C m )* respectively. We again define several elements in 
A(C m © (C m )*) <g> c VV{V). The elements e = -I M ,aj,pj and r are the same 
as before, and newly defined elements are denoted with tilde. 

a i = J2T=i e sP s ,j, fa = J27=i KQsj (! < 3 < p + q); T = T,T=i e « e ^ 

& j = £ 3,3 a 3> Pj = £ 3,jP3 (! < 3 < P + l), 
m p+q p+q _ p+q p+q 

s = E e s e t *(P*Q) (Sit) = J2 a jPj =E«j^; 5 =E"j/ 3 j = T, a jPj- 

s,t=l 3=1 j=l j=l j=l 

Lemma 2.6. VFe /lave i/ie following relations for the elements above. 

(1) 2(p + g) elements {a^, a^; 1 < i < p + q} are anti-commutative. 

(2) Similarly, {/3j, /Jj; 1 < i < p + q} are anti-commutative. 

(3) PFe have the following commutation relations: 

[2,51=0, (25) 
[S,a<]=5ir, [3,ft] = -Ar (l<i<p + g). (26) 

Proof. The statements (1) and (2) follow from Equation (Ti"3"|) and the definition 
of OLj and 

(3)-Equation (|23|) : Since E = 5 a- + Ey and S = — Ex + Ey, the assertion 
follows from Equation 

(3)-Equation (|26|) : Again, since 3 = Ex + Sy and 5 = —Ex + Ey, the first 
assertion follows from Equations (fTTj) and (|T8|) . The second assertion can be 
proved similarly. □ 

For integers u and v, let us define one more element j(u, v) in /\(C m 
(C m )*)® c FD(V). 

j(u, V)= a 3l ■ ■ ■ a 3\ ■ "ju+l ' ' ' «j„+„ ' Pju+v ■ ■ ■ Pjl . 

7(0,0) = 1, 7(u,w) = (u<0or«<0). 
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If we change the order of ctj or ctj and the corresponding order of [3j at the same 
time, then the signs will be canceled. Thus in the definition above, we can put 
tildes to any v positions out of aj 1 , . . . , otj u+v ■ Moreover we can move a tilde 
from a, to Pj, since dj = SjjCXj and /3j = Sjj/3j. We also note that 7(1, 0) = 5 
and 7(0, 1) = E. 

Lemma 2.7. We have the following relations 0/7(1*, v) with E. 

(1) For non-negative integers u and v, we have 

7(li, u)S = "f(u + 1, v) + UT"f(u — 1, V + 1) + VT"f(u + 1, v — 1). 

(2) For d > 0, E d can 6e expressed as an integral linear combination ofj(u, v)r d 
where u, v are non-negative integers and d — u — v > 0. 

(3) S, E, t and j(u, v) commute with each other. 

(4) 7(14, v) and "fiu* ,v') commute with each other. 

Proof. (1) We have 

j(u, v)E = a n ■ ■ ■ a 3u ■ ' ' ' ' Ph ■ s 

i<ji,—,ju+v<p+q 

= E a jl ' ' ' a ju ' (Xju + l ' ' ' ^ju + i.' " ' 0ju+V ' ' Afl 

+ E E"ii • • • «iu- "iu+i • • • "i„+„- ■ ■ ■ [Ph ,-]■■■ Pji ■ (27) 

Since E = J^. aj/3j, the first term of Expression (|2"T|) is equal to 7(1* + 1, w). For 
each summand of the second term in Expression (|27p , there appears [(3j l , S] = 
(3j t T (cf. Equation (|26|) ), and this tilde over f3j, can be moved to ay, (1 < I < u), 
or cancel with ctj, (u + l<l<u + v). Therefore summands of the second term 
of (|2"T|) is equal to 7(1* — 1, v + 1)t for 1 < I < u, and equal to j(u + 1, v — 1)t 
for u+l<l<u + v. Thus, after summarizing the first term and the second 
term, we have 

7(u, v)S = "f(u + 1, v) + UT"f(u — 1,V + 1) + VT"f(u + 1, V — 1). 

(2) Starting with S = 7(1, 0), we repeat multiplying S from the right to this 
equation, and use (1) of this lemma. Then it is shown inductively that S d can 
be expressed as a linear combination of 7(1*, v)r d ~ u ~ v with integral coefficients. 

(3) Note that r is central, and that 5 commutes with S by Equation (|25l) . 
We prove that "f(u, v) can be expressed by S, 5 and r, which will complete the 
proof. It follows from (1) of this lemma that 

j(u + 1, v) = j(u, w)S — UT^(u — 1, V + 1) — VT"f(u + 1, f — 1). 

Therefore 7(1*, w) can be written by using S, r and 7(2/, u') («' + 1/ < it + i;). 
Repeat this operation, then it turns out that 7(1*, v) has an expression of S = 
7(1,0), E = 7(0,1) and r. 

(4) Since 7(1*, w) is expressed by S, S and r by the proof of (3) above, j(u, v) 
and j(u',v') are commutative. □ 
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Definition 2.3. Thanks to Lemma \2. 7| (2), we can define integers b d lv by 

2 d = Eo< M+ ,< d 62,t,7(«, iV"""" (d > 0). 
For non-negative integers p, q, u, v and J € 3%+v> we se ^ 

e(J;u,v) = e(a,P;u,v) = E e j„c»+i) ' ' ' j ct( „ + „, » 
e(0;O,O) =e(0,0;0,0) = 1, 

where a and (3 are defined in Equation (jTTJ) . When u or v is negative, we put 
K,v = e{J;u,v) = 0. 

Lemma 2.8. For non-negative integers p, q, u, v and w = u + v, we have 

m(m-l) 

7(it,u) = (-l) 2 E £{J;u,v) E e s e^detP s ,jdetQ T ,j- 

Proof. By the definition of 7(1/, v), we have 

7(u, v)= E "ii ' ' ' Uju ■ ■ ■ ■ otj w ■ Pju, ■ ■ ■ Ph 

l<3l,--;3w<P+q 

= E Ju+1 ' ' ' S jw,3-W ' a jl ' ' ' a jw ' Pjw ' ' ' A/l 

l<jl,--;3w<P+<l 

= E j CT( „+i) ' ' ' e i.^) - s S n ( CT )aji ' ' ' <*jV sgn(cr)/3 Jw ■ • • ^ , 

where w = u + u. In this expression, the sum over a G @ w of the products of 
Ej.j is equal to e(J;u,v), and there appears (— l) w ( w_1 )/ 2 by sorting Pj a 's into 
increasing order in a. Thus it follows from Equation (|12[) that the expression 
gives our desired formula. □ 

Proof of Proposition \2.3[ We prove Proposition 12.31 by computing S d in two 
different ways, and make a contraction using ese^ i— ► <5s,t, where Ss,t denotes 
Kronecker's delta. First, we get the following formula, 

sd = Es.Tgzrt- 1 )^^ d! Det((P t Q) s , T ), (28) 



by a similar computation to Lemma 12. 2 1 We apply the contraction ese^ 1— > 
to the right-hand side of Equation (|28| . and we have 



{ _ l)d{d -i),2 d[ De t((P*Q) S!g ), 

which is equal to uj(Xd) multiplied by (~l) d< ^ d ~ 1 ^ 2 d\ in view of Equation ([7]). 

Second, we compute in the following way. It follows from Definition 12.31 and 
Lemma 12.81 that 

S d =E E bi iV (-l)^j: j&:rr+q e(J;u,v)-Aj.T d - 1 , 

1=0 u+v=l 
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where we temporally put 



A,/ = Es.Tex™ ese T detPs,jdet Qtj- 

Since r fc = (E^Li e s e s) fc = k\ J2uex m (-l) fc(fc ~ 1 ^ 2 et/e^ , the expression above 
is equal to 

I (i — 1) 

EE E bl v (-l) ^ s (J;u,v)e s e^detPs,jdetQT,j 

1=0 u+v=l j£l p+q 

s.rezr.W, x (d _ /)!(_i)l(^-')(d-«-i) e[/e& 

= (-l)^ 1 ^ J] bi v e(J;u,v)(d- l)\ e s eu e^e^j det P s ,j det Qt,j- 

l,u,v,J,S,T,U 

When applying the contraction ege^ i— > 5s, t to this expression, only the sum- 
mands with S = T do not vanish. If we fix S{= T), then the number of choices 
of U is (™r/) , since U should not intersect S. Thus we contract the expression 
above, and obtain 



(-l)^E E E bi iV e{J;u,v){d-l)\( m l \ det P s ,j det Q 

1=0 u+v=l j<zjp+i 

sell 



S,J 



= E E bi v e(J;u,v)) £ ^7 ^ det P s ,j det Q s ,j, 

i=o \u+v=i J j € z p+q \m—a)\ 

which is equal the the right-hand side of Proposition [^T51 multiplicd by (— l) d ( d_1 )' 
except that Cj is replaced with J2 u +v=i ^i,,v £ {J\ u i v )- 

We prove Cj = E M +u=; v £ (J'> u i v ) m Appendix 1X1 and this completes the 
proof of Proposition ^. 31 □ 



3 Case R 

Here we give the Capelli identities for symmetric pairs for Case K in Table ([3]) 
without proof. There are two different types of the Capelli identities as remarked 
at the beginning of Section [5] In Theorem 13. II we give the first form, which is 
simpler as differential operators; in Theorem l3.2l we give the second form, which 
has a simpler Capelli element Xd G U(g) K . In contrast to Case C, we only have 
the identities expressing oj(Xd) G PT>(V) KxH in explicit differential operators 
for Capelli elements Xd G U(g) K . In other words, we only have identities 
corresponding to the left half of the picture below. 

U(q) k PV(V) KxH U(m) H 

II II 
U( 3 l m (C))°^ U( S p 2n (C)) GL ^ 
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3.1 Formulas for the Weil representation 

Recall our see-saw pair: 

00 = U m SP 2 n( K ) = m 

U X U 

to = o m (R) u„ = fjo 

Here go = u m is realized as the set of the m x m skew Hermitian matrices, and 
to = o m (K) is the set of the alternating matrices. Let po = \J — 1 Sym m (R) C u m , 
and we have the direct sum decomposition go = to © Po- The Lie algebra 
mo = sp 2rl (R) i s defined as 

m-\( A B \ ■ Ae [ «( R )- 

«P2n W ~ \ -'Aj ' B,Ce Sym„(M) 

and f)o = u ra is the Lie algebra of a maximal compact subgroup, which is em- 
bedded into sp 2mn (]R) just as go below. 

So = u m 5p 2mn {R) 

A + y^lB ^ ( A ,*] n ~?*i ln ) {A,B: real matrices), 
\o * 1„ A * 1„ y 

mo = sp 2 „ sp 2m „(!R) 
'A B\ ( A® m B® m 



C -*AJ \C® m -*A® m 

Let V = Mat(m, n; C), and ir s j its linear coordinate system, and put d s j = 
d/dx S: i. Denote the Weil representation of sp 2m „(C) on the polynomial ring 
C[V] by u>. Through the embeddings into sp 2r)m (C), the complexified Lie al- 
gebras g = (g ) £3>r C and m = (mo) C3>r C act on C[V}. We denote these 
representations also by u>. Let E St t € g = gl m (C) be the matrix unit. Then its 
representation through uj is given by (see (4.5) of [12], e.g.) 

uj{E s ,t) = J27=i x sddt,% + 2^.*- 

Note that x s> i of this article corresponds to x n i s _x)^ in [12] . To give the 
representation of m = sp 2n (C), we define the following elements in m. 

1 / dj | x ~C. 



where i^j = Ei.j — Ej t i and G,:.j = Ei.j + Ejj are elements in Mat(n; C). Note 
that we do not write Xq, but X Ei - Ei to distinguish X ei - £i from X Ej - Ej . Then 
X Ei _ Ei (1 < i < n) form a basis of a Cartan subalgebra of m = sp 2n (C), and the 
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other elements denned above are the root vectors with respect to this Cartan 
subalgebra. The actions of these elements through oj are given as follows: 

m 

= E x Bli d atj + f <5. M (1 <i,j< n), 



8 = 1 



U) 



(X £l +e 3 ) = E x s,iX s ,j, w(X_ 6i _ £j ) = J27=i d s,id s ,j (1 < i,j < n). 



8 = 1 



Note that we used the normalization x a i i— > \/2^s,i, which is slightly different 
from (4.5) of [12] • We define matrices of differential operators by 

X = (x a ,i)i< a <m, d = (d/dx s< j)i< s < m €Ma,t(m,n;VD(V)), 

P=(X,d), Q=(d,X) G Mat(m, 2n;VD(V)), 

E = (^,i)i< s ,t< ro G Mat(m; t/( )), 

and we use the notation like w(E) of a matrix form as used in Case C. For 
example, we write uj(E + *E) = P t Q. It is known that 

E SeI ™ det(E + { E) SiS G S(p) K (d = 1, 2, . . . , m) 

is a generating set of S(p) K , where E is considered as a matrix with entries E s t 
in 5(g). 

3.2 Capelli identity for Case R 

We have two different types of the Capelli identities for Case M. 
Theorem 3.1. For d > 1, define X d G U{g) K = [/(fll m (C))° m(c) by 

Xd= E E E (±l)det(E s ,, T ';Z-l-|,/-2-f,...,-f) 

seij 1 z=o s',t' 

S",T" 

x det((*E) s »,T»; -(d - I - 1) + f , -(d - I - 2) + §, . . . , §), 

where the third summation is taken over S' ,T' G I z m and S"', T" G suc h that 
S = S'US" = T'UT", and the signature is given by (±1) = (_i)«cs',s''>+ i( t',t»> _ 
Then we have the Capelli identity 

u{Xd) = Esei™ Ejsi^ det P S j det Q SjJ . 

Theorem 3.2. For d > 1, define X d G C/(fl) x = f/(s[ m (C))° m ( c ) 6?/ 

^ = Esei r Det(E + *E) SiS , 

where Det denotes the symmetrized determinant. Then we have the Capelli 
identity 

d ( m _i)\ 

= £ d!(m-d)! ^ d6t Ps ' J dCt Qs ' J ' 

where Cj is defined in Equation (|10[) iwii/i bof/i p and q replaced by n. 
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4 Case H 



In this section, we give the Capclli identities for symmetric pairs for Case H 
in Table ([3]) without proof. As in the case of R, for Capelli elements Xd G 
U(g) K , we only have the identities expressing ui(Xd) € VD(V) KxH by explicit 
differential operators. In other words, we only consider the left half of the 
picture below. 

U{q) k VV(V) KxH U(m) H 

II II 
U(u 2m ) us ^ u( * n) u n 

4.1 Formulas for the Weil representation 

Our see-saw pair in this section is: 

00 = U2m o 2n = rn 

u X u 

to = usp m u„ = f) 

Here go, to ; trio and f)o are realized as follows. 



0o = U2m = {2m x 2m skew Hcrmitian matrices}, 

({X —Y\ X : m x m skew Hcrmitian, , 
to = usp m - 1 1 F ^ I ; y e Synv(c) i> C o, 



m = o r 



X ~Y\ X : n x n skew Hcrmitian, 
Y X ) > Y e Alt„(C) 



f)o = u n = { I ^-1 ; I:nxn skew Hermitian ^ C mo. 



X 



X Y \ X : m x m skew Hermitian, 



Define po by 



I l y _xj ; Y" e Alt m (C) 

and we have the direct sum decomposition 0o = to ffi po- The real Lie algebras 
00 and trio are embedded into sp 4m „(K) as follows: 



00 — U2m ^ s p4mraW 

' A * 1„ — B * (A, 5 : real matrices), 

B * 1„ A * l r 



m - "2n ^ S P4rnn( 





-yn 








-Y 2 \ 


US 


x 2 ) 



1 ~J\ \\Yi X 1 ) V Y 2 -X 2 , 

Y X) ^ | (X 2 -Y 2 \® m ( Xx Y 1 \mm 

-Y 1 X 1 
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where we write X = X\ + ^—1X2 and Y = Y\ + y/— IY2 with real matrices 
X i ,Y i {i = 1,2). 

Let V = Mat (2m, n; C), and x s ^ (1 < s < 2m, 1 < i < n) its linear coordi- 
nates, and put 9 S) , = d/dx s ^. Denote the Weil representation of sp 4m „(C) 
on the polynomial ring C[V] by u>. The action of oj for the basis element 
E s ,t eg = 0[ 2m (C) is given by (see (4.5) of [12], e.g.) 

"(Es,t) = Eti + ¥*,t (!<«,*< 2m), 

while the action of m = 02n(C) is 





Eij-EjA 




En-En 



2m 
s=l 



s=l 
m 



where s = s + m, and E^j or Ej^ denotes the matrix unit in Mat(n;C). Note 
that we used the normalization x S} i 1— ► \/2x s ^ and a^.j 1— > —\J—2x-§,i (1 < s < 
m, 1 < i < n) to (4.5) of [12]. Note also that x S: i of this article corresponds to 
£2n(s-i)+i in [12], and ij^ of this article corresponds to X(2 n +i)(s-i)+i in P~2] 
for 1 < s < m. We set 



J = 



and define the following matrices: 



l m 

-lm 



X = (x Sji )i< s < 2m 9 = (9/9x s ^)i< s < 2m € Mat(2ra, n, 7 : 'I?(V r )), 

1 < i < n 1 < i < n 

P=(X,Jd) Q = (d,JX) eMat(2m,2n;VV(V)), 

E = (£ s ,t)i< s , t <2m G Mat(2m;£/( l 2m (C)), 

and we use the notation like cj(E) of matrix form. For example, we write 

w(E + J*EJ- X ) = P'Q. 

4.2 Capelli identity for Case H 

Recall that the set I™ (1 < d < m) of strictly increasing indices. Here we define 
Id (itl > 1, d > 1) as the set of weakly increasing indices: 

T^m ( , , 5 1 is a multi-set with 

1 < si < S2 < • • • < Sd < m 

For S £ T d , we define an integer S! by 

S! = ti!t 2 ! •■■tml, 
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where tj denotes the number of j occurring in the multi-set S {{tj} are not 
the members of S). For an to x m matrix A and /, J g T d , we write A/- j = 
(^4i a .j ij )i< ai b<(j- Note that Aj t j is not necessarily a submatrix of A in this case, 
since I and J might have duplicated indices. 

We need the permanent (column-permanent) and the symmetrized perma- 
nent. 

Definition 4.1. For an n x n matrix A, the permanent of A is defined by 
perA= ^2 At(i),iAt(2),2 • • ■ A a ( n y n . 

We define the permanent with diagonal parameters u = (ui, U2, ■ ■ ■ , Ud), and the 
symmetrized permanent by 

per(Ai tJ ;u) =Y,ae6 d ( A i.(i),h + u iKa),h) ' ' • (A CT(d) ,j d + u d S ia(dh3d ) 

(ui ••• \ 
u 2 ... \ 
; ; J) (^6^), 

6 - uj/ 

Per ^ = ~y E CT ,ree„ 4t(1),t(1)At(2),t(2) • • • Ar(n),T(n)- 

Remark 4.1. can &e shown that 

h pcr(E + JtEJ " 1 )^ s g ( d = x ' 2 > ■ ■ •) 

is a K -invariant element in S(p), where E is considered as a matrix with en- 
tries E S: t in S(g). Note that these elements do not generate S(p) , but elements 
constructed by using Pfaffians generate S(p) . It seems that Capelli identities 
corresponding to the elements using Pfaffians are rather difficult to treat. This 
phenomenon occurs in the case of the ordinary Capelli identities for the orthog- 
onal Lie algebras (cf. f^l [7^, 

We have two different types of the Capelli identities for Case H. 

Theorem 4.1. For d>l, define X d € U{g) K = U(gl 2m {C)) USp ™ by 

d S\ 
x d= EL 0/1 oJiUrWrJn P cr (( E ~ f l 2m)s',T>\ p[) 

sei 2 / 1 1=0 s' ,s" b lb 11 [1 ■ 

T'.T" 

x per((J*EJ" 1 + ^l 2m )5",T";Pd- ; ), 
p'l = (-(I - 1), -(I - 2), • ■ • ,0), p'^ = (d-l-l,d-l-2,...,0) 

2m 2m 

where the third summation is taken over S',T' G X ; and S",T" € T-d-l which 
satisfies S = S' U 5" = T 1 U T" . Then we have the Capelli identity: 

u(X d ) = Esex 2 d m Eje25" per P S ,j per Q s ,j. 
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Theorem 4.2. For d>l, define X d g U(g) K = U (Q\ 2m (C)) u Sp ™ by 

X d = E Se xf ^ Pcr(E + J'EJ- 1 )^. 

Then we have the Capelli identity: 

* (2m + d-l)! 4 Q 1 

i=0 d!(2m + Z - 1) JeT? „ J! Sg5? mS! 

where ci a is an integer defined in Equation (|10[) wwt/i both p and q replaced by 
n, and a and (3 are determined from J in the same way as in Equation (fTTjl . 
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A Formula for Cj 

In this section we prove (Lemma IA.6|) 

c l/3 = H bt iV e(a,f3;u,v), 

u -\-v=a-\- f3 

where c d a «, v and e(a, (3; u, v) are defined in Equation (TIT)]) . Definition 12 . 31 and 
Lemma 12.81 respectively. We start with a simplification of e(a, (3; u, v). 

Lemma A.l. For non-negative integers p,q,u,v and J g Z^tjJ, the integer 
s(a, /3;u,v) is defined in Lemma \2.8l ' 

e(J;u,v) — e(a,(3;u,v) = Y^a-ee u+v e jV(«+i),jV(n+i) ' ' ,£ jV(«+*<) 
where a and (3 are defined by Equation (|lll) . We have 

e(a, 13; u, v) =ulv\J2 a.bez (-1) 

a-\-b— V 

Proof. For a summand s jtr{u+1) J(T(u+1) ■ ■ ■ £j„ (u+t ,) j <T(u+l , ) of e(a,/3;u,w), let a be 
the number of ^(-u+t) (1 — * — u ) which is less than or equal to p. Similarly let 
6 be the number of j a (u+i) (1 < * < w ) which is greater than or equal to p + 1. 
In particular a + b = v, and the value of the summand is equal to (—1)°. 

We count the number of cr's in & u + v such that they give the same a and 
b. There are ( a ) (?) choices of subset {a(u + 1), a(u + 2), . . . , a(u + v)} of 
{1,2, . . . ,u + v}. By considering the order of this subset and the the order of 
the complement {a(l),a(2), . . . , cr(it)}, the number is multiplied by u\v\. Thus 
the number of such a is equal to (") (f)u\ v\. □ 
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Next we show a recurrence formula for b^ v in Lemma IA.2I and two closed 
formulas in Lemmas IA.4I and IA.5I 

Lemma A. 2. We have a recurrence formula for v : 

b% = 1, C 1 = b t-l,v + ( U + VK+l^-l + (« + 1)^-!,,+!- 

Proof. By the definition of &^ „ , we have 

0<ti+i)<d 



It follows from Lemma I2T7I (1) that the expression above is equal to 

y~] b d lv T d ~ u ~ v (j(u + 1, v) + utj(u -l,v + l) + vrj(u + l,v-l)). 

0<u+v<d 

Hence we have b^ 1 = b d u _ l>v + (u + + (« + w - □ 

Lemma A. 3. W^e define the generating function fd ofb d v by fd(x, y) = ^ u 6^ v x u y v - 
Then it satisfies fd+i(x, y) = xf d + y-^fd + x-§^f d . 

Proof. By multiplying x u y v to the formula of Lemma |A.2| and take a sum over 
m,i)6Z, and we have 

fd+i = E u ,vez <-x,v* u y v + E„,„ eZ (« + i)&S + i,„-i*V 

d d 
= xf d + y-z-fd + x-^-fd- 
ox ay 

□ 

Lemma A. 4. We have a closed formula for b d v : 

(u - v + m + 2fi - 2v) d {-l) m+v (u\(v \ (v-m> 



b d = V 



2 U + V ~ m u\v\ \v i \m) \ u 

Proof. Set ip d = e v fd- Since we have an identity -§^ e ~ v = e ~ v ~§~ ~ R ~ v as 
differential operators, it follows from Lemma [A.3l that 

d ( . d _.\ 

e v ip d +i=e y x(p d + e y y—ip d + x[e y - e y ip d , 

ax \ ay J 



and hence 



d d 

<Pd+i = y-Q^¥d + x—<p d . (29) 
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Put x = a — b, y = a + b. Then we have 

d d d , d . . . . d 

y-z- + x— = a- b— =O a ~ o b , where O a = a—. 

Ox Oy Oa ob oa 

If we make the change of variables and put tpd{ci, b) = (pd(a—b,a + b), Equation 
([29]) gives 



I'd = (Oa - = (0, - Obftpo = {0 a - b ) d e a+b ( V = e a+b ). 

Since (<9 a - 9 b ){a k b l ) = (k — l)a k b l , we have 

4>d - (,V a - Vb) yl^ k ,i>a fciTT J ~ l^k.i>o kUl ab 

Therefore 



fd = e- y ip d = 



(k — l) d f x + y\ k / y — x^ 1 



kill 

k,l>0 



^ {-y) m (k-l) d ^ f^x*-^ (l\y l - v (-x) v 

2^ ml iTTl 2-^ 



to! fc!Z! ^ W 2 fe W 2' 

k,l,m>0 n,v£% xf ^ / x 7 

E (fc - l) d (-l) m+t/ /fc\ /Z\ h-n+v m+n+l-v 
2 k + l k\l\m\ WW 



(let u = k — fj, + v and v = m + [i + I — is) 

= E 



(it- w + m + 2^-2i/) d (-l) m+,y x 11 ^ 



(u - u + m + 2/i - 2^) d (-l) m+,y AA /u - to\ / v \ x u y v 



= E 



2 «+f-m m ! VW V /« \m u\v\ 

u 7 v,m>0 

□ 

Lemma A. 5. FFe have another closed formula 

^--4oEf 2 ;)f;)(-i)' +, (» + "-^^. 



Proof. Put 
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By the multinomial expansion, we have 

fU t ) = ^ti E f 11 )f u )(-ir2"r-"+"'+^. 

2 U+V u\v\ / — 1 \rn,\i)\y) 



Let 6 = T(d/dT), and apply 8 d to the expression above and then substitute 
T — 1. Then we have 



T=l 



<2u-\-v 



^T7 E fM(1(-ir2>-Hm + 2 /1 -2^ ) 



which is equal to 6^ ^ by Lemma IA.4I On the other hand 



rpu — V rp — U~V 

(T - 1) 2 "(1 - T- 2 )" = — — (T - 1) 2 ^(T 2 - 1)« 



2 u +"u!i;! 
2 



2v\ ( u 
I 



2 U+V u\v\ 

/ -^\fc+£/^m+'u— fc— 2( 



Similar computation as above, i.e., applying # d to this expression and substi- 
tuting T = 1, gives us the same value as 

«<«>L, - » £ ( 2 ;) CO + - » - ^. 



□ 



By Lemmas IA.5I and IA.11 we have 



E 



l 



E 



i 



(t) (")(-l) fe+i (" + --fc-20 d 



x J2 u\v\(-iy 

a-\-b—v 



E 

z k,l,a,beZ 



a\(p\(2a + 2b\(a + f3- a-t> 

I 



x (-l) fc +' +a (a + j9 — A - 20 d . (30) 
Now we are ready to show the following lemma which is the goal of this section. 
Lemma A. 6. We have 

u-\-v—a-\-/3 
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Proof. Set 



rp2 _ ^ \ a +P 



,f3\-J \ 2T J v (T 2 -l) 
First, by the binomial expansion, we have 



■ (T 2 - 1) 



T 2 - 1 
2T 



a+/3 



E 

aGZ 



(T-l) 2 " V /A (T-l) 



2/. 



(2T)«+/5 E ( a ) 



(2T) 



\as+/3 



a,fc<EZ 



a J \ b 



^ X) a (T' ^2a+2b^ji2 j^a+/3— a— b 

(_-ga ^ / ^a + 26\ j 1 2 +26-fe^_^^fe 



— T 



,b,k,i 



We apply d to this expression, and let T = 1. Then we have 



T=l 



by Equation ([30]) . Second, we proceed as 
1 



E b d u, tV e{a,f3;u,v), 



Kp(T) = J^y^(-(T I) 2 + (T 2 1))"((T - l) 2 + (T 2 - 1))* 



^(2T-2r(2T 2 -2T)^ 



(2T) 



E ("+/y +,,-*<_,)*. J_. 



We apply 6* to this expression, and let T = 1. Then we have 

o d « v ) 



T=l 



C a,(3i 



by the definition of c d a p (Equation (flO|) ) 
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